
 

A few derived laws

Lemma 1

i f a a

a T a if a o

ii C a C b Cat b

a b a b if a b to

iii a 0 0

a f b a b

C a C b a b
a b O a O or b o

Proof of Lemma 1

i claim
a T a for a 0

Indeed
I a a inv elem

I a
1 a Comm

a is inverse element with respect to a 1

ii claim ab at b for a b to
have to show Ca b Ca I b Y I



Indeed
a b Ca i bY b a Ca 1 b

b a a 1 b
b 1 b b b L

iii claim a 0 0

Indeed
a o a Oto

A O ta O

a o a o Ca O t a o Ca o
a O a o a o

Using inverse element with respect to
we get

0 a O t O

a o neuter

Claim a C b a b

This holds as

a b t a C b a b b Distr
a 0 inv 1
0 see above

claim a b o Ca o or b o

suppose a b O



Case 7 b 0 we are done

case 2 b to then we have to prove a 0

a b O a b ob1 0.5 as b to

a b b 0 see above

a I O

A O
II

B Ordering axioms

On IR there exists a relation
For pairs Ca b acb satisfying following
axioms

trichotomy either acb or a b or b a

transitive a cb and bae a c

compatible with 1 as b ate a bee

compatible with Ca ab and od a cab.c

Notation asb and bsa are equivalent
a b or a b is equivalent to a c b

a b or a b is equivalent to asb

Lemma 2

i a co and b o at b s o

Ca o and b o at b 0

a co a O



ii a b so Ca o and b o

ar a co and b co

a b so a O and b o ar

a co and b o

iii 0 1
a co a co

Proof of Lemma 2

i claim a co and b o at b s o

a e o at b e b

ggzpoatibeewithtgfitaubj.ee

Claim a co a 0

a co at C a a a compatible with t
O int t

a 0

Ii Lemma iii

a O or b O a b 0 i

Trichotomy need to prove
Ca o and b o ar a co and bio

a b O 2
as well as

Ca o and b Lo ar a co and b so
a b co 3



Remark two strategies for proving A B

1 prove A B
prove B A

2 prove A B
prove 7A TB

Proving a CH and Cs will imply
inverse of CH

7 aso and b o ar a co and bad
da b o

and similarly the inverse of a
it suffices to prove statements CH andCs

We prove here 3

due to symmetry it is enough to prove

Caso and b co a b Lo

Indeed Caso and bao

Caso and b o due to i

a C b o C b compatible with

Lemma l a C b ab
O C b O

Get ab o ab co due to it



iii claim 0 1

field axioms give 0 1

Due to trichotomy it suffices to prove
that TG co

Suppose I o I I 0

IT c is neut

contradiction due to trichotomy
and therefore alsoI 0
Oak 2e by comp

t
a

Review so far
3 classes of axioms
A The field axioms

B Ordering axioms V

C Completeness axiom

Q and R are both fields The difference
is that R is complete with respect to

ordering i

Let A B e R be non empty sets
Then

I ae A be B a a b
there is a number celR with

it a c A b e B e a E C E b



M M L
AT B

Note Q is not complete with respect to

ordering
Proposition l 1

i given a e R a 0 7 NEIN with n a

ii for y e R with x y we have

F Z E Q such that X L z ay
iii t x y zo x e y x2 Eye
iv F e e R i de 2 C 0

ProofI
i Lemma 2 iii IN CIR

Set A LER l Rea X n V ne IN

Then N and A are non empty sets such that

the N and a e A n Ex

Completenes axiom I celR neck VIII I
Then 7 me IN i m C l otherwise c I CA

But then met c tf A is empty
ii it compatibility with gives

u on n ta a n I



set a y x t
Lemma 2 iii a so

and hence the g x

choose me IN such that In x and c k
Then in cg

iii exercise

in Lemma Liii Q CR
sett Aa a e Q1 l Ea Ea 2

D be I l E b E 2 b 2

l E A 2 C B At 0 B
iii Fae A beB a b

completeness axiom gives eelR with the

property Fae A b EB a E C E b CH

I E C E 2

c is unique i

suppose F c as in R satisfying G

7 a a E Q satisfying A

between any
two real numbers there is

a rational number



Then co Gtz E Q and

V a C A be B a E C Leo 029 Eb

Coe AUB If co C A G cannot hold for 9
if co EB Ge cannot hold for a G
c 2 2

V a c A beB we have

a 2 d E b ch E b a b a CbtaLE4CbaI
C 4 so

b 2 ch z ar e za b _cazobkbty.ae

a Az 2

Why Suppose the opposite is true c2z

set E 2 C 0

then by ii I a.be Q with c be Ct Eg
C Es Lace

4lb a a 4 Ct Eg Ct E E
but 4lb a z 2 d E G
similarly b C E 2

Altogether we then get 4 2
a


